On the other hand, the masses of η and η ′ are reproduced by a relatively weak flavor mixing interaction, for which the chiral symmetry breaking is dominantly induced by the soft-gluon exchange interaction. The decay constants are calculated and the anomalous PCAC relation is numerically checked. It is found that the flavor structures of the η and η ′ mesons significantly depend on their masses and therefore it is quetionable to define a flavor mixing angle for η and η ′ .
Introduction
It is known that the classical QCD lagrangian is invariant under the U L (3) × U R (3) symmetry except for the quark mass term, and this symmetry is broken down to the U V (3) spontaneously in the low-energy QCD. In this case, the number of the Nambu-Goldstone bosons should be nine. However, the number of the observed light pseudoscalar mesons is eight. The ninth pseudoscalar meson, η ′ meson, is heavier than the other octet pseudoscalar mesons (π 0 , π + , π − , K + , K − , K 0 , K 0 and η) which are well identified with the Nambu-Goldstone bosons. This is the well-known U A (1) problem [1] . It is solved by realizing that the U A (1) symmetry is broken by the anomaly. The phenomena related to the U A (1) anomaly in the low-energy QCD have been studied in the following approaches.
The first one is the 1/N C expansion approach [2, 3] . The key point is that the effect of the U A (1) anomaly is higher order in the 1/N C expansion and the low-energy effective lagrangian of QCD has been derived [4] . Recently, the expansion in powers of 1/N C , momenta and quark masses was extended to the first non-leading order [5] and the reasonable description of the nonet pseudoscalar mesons was obtained.
The second is the instanton approach [6] . The instanton is a classical solution of the Euclidean Yang-Mills equation and may contribute a large weight in the Feynman path integration. In the presence of the light quarks, instantons are associated with fermionic zero modes which give rise to the U A (1) symmetry breaking. In the dilute instanton gas approximation, the U A (1) breaking 6-quark flavor determinant interaction was derived in the three flavor case [7] . This approach has been developed to the instanton liquid picture of the QCD vacuum [8] .
In this picture, the instanton plays a crucial role in understanding not only the U A (1) anomaly but also the spontaneous breaking of the chiral symmetry itself.
In the third approach, the effective low-energy quark models of QCD were used to study the structure of the hadrons. The introduction of the instanton induced six-quark interaction to the effective quark model is one of the handy way to incorporate the the U A (1) breaking effects in the low-energy effective quark model of QCD. The Nambu-Jona-Lasinio (NJL) model [9] is one of the simplest and widely used model in studying the structure of the Nambu-Goldstone bosons. Using the three-flavor NJL model with the instanton induced six quark interaction, properties of the nonet pseudoscalar mesons were investigated [10] . A shortcoming of this approach is that the η ′ mass has unphysical imaginary part associated with the unphysical decay channel η ′ →qq. Recent study of the radiative decays of the η meson in the NJL model has shown that the observed values of the mass and radiative decay amplitudes are reproduced well with a rather strong U A (1) breaking interaction [11] . Such strong U A (1) breaking may be consistent with the instanton liquid picture of the QCD vacuum.
In contrast with the instanton liquid model, the study of the QCD Schwinger-Dyson (SD) equation for the quark propagator in the improved ladder approximation (ILA) has shown that the spontaneous breaking of the chiral symmetry is explained by simply extrapolating the running coupling constant from the perturbative high-energy region to the low-energy region [12] .
Then, the Bethe-Salpeter (BS) equation for the J P C = 0 −+channel has been solved in the ILA and the existence of the Nambu-Goldstone pion has been confirmed [13] . The numerical predictions of the pion decay constant f π and the quark condensate ψψ are rather good. It has been also shown that the BS amplitude shows the correct asymptotic behavior as predicted by the operator product expansion (OPE) in QCD [14] . The masses and decay constants for the lowest lying scalar, vector and axial-vector mesons have been evaluated by calculating the two point correlation functions for the composite operators ψMψ. The obtained values are in good agreement with the observed ones [15] .
Recently, the current quark mass term has been introduced in the studies of the BS amplitudes in the ILA [16] and the reasonable values of the pion mass, the pion decay constant and the quark condensate have been obtained with a rather large Λ QCD . It has been also shown that the pion mass square and the pion decay constant are almost proportional to the current quark mass up to the strange quark mass region.
Since the η and η ′ system is expected to be sensitive to the U A (1) anomaly, the study of the η and η ′ structure may give us information on the roles of the U A (1) anomaly in the low-energy QCD. The purpose of this paper is to study the properties of the η and η ′ mesons by solving the coupled channel BS equation in the ILA. The effect of the U A (1) anomaly is introduced by the instanton induced six-quark determinant interaction. The instanton size effects are taken into account by the form factor of the interaction vertices. It guarantees the right asymptotic behavior of the solutions of the SD and BS equations.
There have been many studies of the pion BS amplitude using the effective models of QCD and /or the approximation schemes of QCD [17] . As for the η and η ′ system, Jain and Munczek model [18] has been applied to them [19] . They have introduced the effect of the U A (1) anomaly by simply adding the additional mass term in the flavor singlet pseudoscalar meson channel by hand and the reasonable values of the masses and decay constants have been obtained.
It is known that the introduction of the two gluon exchange diagrams in the calculation of the η and η ′ BS amplitudes beyond the ladder approximation do not break the U A (1) symmetry with the perturbative gluon propagator. Recently, it has been shown that if the gluon propagator has the strong infrared singularity, the U A (1) symmetry breaks [20] . The relaton between this approach and the instanton approach is not clear.
The paper is organized as follows. In Sec. 2 we explain the model Lagrangian we have used in the present study. In Sec. 3 the Conwall-Jackiw-Tomboulis (CJT) effective action [21] calculated from our model Lagrangian is presented. The SD and BS equations are derived from the CJT effective action in Sec. 4 and Sec. 5. In Sec. 6 the meson decay constant is derived. In Sec. 7 the Nambu-Goldstone solution of the BS equation is derived and the anomalous PCAC relation is discussed in Sec. 8. Sec. 9 is devoted to the numerical results. Finally, summary and concluding remarks are given in Sec.10.
Model
We use the flavor three (N F = 3) effective model whose lagrangian density is given by
where f (ξ) is a cut-off function defined by [16] f
m 0 denotes a diagonal quark mass matrix m 0 = diag(m q , m q , m s ) under the assumption of the isospin invariance. L GE denotes a gluon exchange interaction
where p denotes
(2π) 4 and p E represents the Euclidean momentum. The indeces m, n, . . . represent combined indeces in the color, flavor and Dirac spaces. In Eq. (5) we employ the Landau gauge gluon propagator,
In Eq. (8) 
L FM is the U A (1) symmetry breaking flavor mixing interaction (FMI), our interest, given by
where f 1 , g 1 , · · · are flavor indices, ǫ denotes the antisymmetric tensor with ǫ uds = 1 and the symbol * at the end of the equation means x 1 , y 1 , · · · → x after all derivatives are operated.
This type of the U A (1) symmetry breaking six-quark interaction has been introduced in Ref.
[22] before the discovery of the instanton induced interacion [7] . There is a minor difference of the flavor-spin structure between L FM and 't Hooft instanton induced interaction. In the rainbow-ladder approximation, these two interactions give the same effects on the η-η ′ system.
We introduce a weight functionw(· · ·) which is necessary so that FMI is turned off at the high energy. We use the following separable Gaussian form
This weight function is convenient for a numerical calculation as it satisfies the association rule
But this particular set of the momenta in the argument of the weight function modifies the form of the Noether current for the axial-vector transformation. This is the same problem occurred in the Higashijima-Miransky approximation in the L GE term discussed extensively in Ref. [16] . The explicit form of the Noether axial-vector current in this model is very complicated and we do not show it. We treat the exact Noether axial-vector current within the ladder like approximation. We will show that the (modified) Ward-Takahashi identity for axial-vector current and the PCAC relation holds. This approach is studied in Ref. [23] .
On the other hand, if one does not want to modify the Noether current, one has to employ an appropriate form of the argument of the running coupling constant, such as
In our model, there are nine axial-vector currents, J α 5µ (α = 0, · · · , 8), which satisfy the anomalous PCAC relation
where λ α denotes the Gell-Mann matrix in the flavor space. A(x) corresponds to the explicit U A (1) symmetry breaking and is proportional to G D in Eq. (11) . In QCD, A(x) is given by
Effective Action
To derive the Schwinger-Dyson equation and the Bethe-Salpeter equation, we use the CornwallJackiw-Tomboulis (CJT) effective action formulation [21] . In Ref. [16] , we have already derived the CJT effective action in the lowest order (rainbow-ladder) approximation in the framework of the ILA model. Here we add a new term Γ FM [S F ] which contains the lowest order effect of the flavor mixing interaction (FMI).
Γ GE [S F ] corresponds to the two-loop (eyeglass) diagram using gluon exchange interaction and is defined by Eq. (15) in Ref. [16] . Since FMI is a six-quark interaction, the lowest two particle irreducible vacuum diagram of FMI is a three loop (clover) diagram. For simplicity, we take
The diagram for the SD equation.
In this approximation, the global SU L (3) × SU R (3) symmetry is preserved. In fact, the total effective action is invariant under the infinitesimal global chiral transformation
except for the quark bare mass term and the flavor mixing term which breaks the U A (1) symmetry.
Schwinger-Dyson Equation
The Schwinger-Dyson equation is derived by the stability condition of the CJT effective action
The detailed procedure is same as in Ref. [16] . Introducing the regularized propagators 
where the index h denotes the flavor. After the Wick rotation, we obtain A h (−q 2 E ) ≡ 1. Then the resulting SD equation reads
with s ≡ q 2 E . These integral equations are solvable numerically. Since the improved ladder approximation (ILA) model reproduces the asymptotic behavior of QCD, the quark mass function can be renormalized so that the solution of the SD equation is matched with the QCD quark mass function in the aymptotic region. We renormalize the quark mass function properly in the manner described in Ref. [16] . The renormalization constants Z mq = 1 and
Note that the flavor mixing interaction (FMI) does not disturb the asymptotic behavior of the ILA model and QCD because of the Gaussian type weight function.
Bethe-Salpeter Equation
The homogeneous Bethe-Salpeter (BS) equation is derived by
where
denotes the BS amplitude. The normalization condition is P B |P
is the on-shell momentum of the meson. Introducing the regularized BS amplitude by 
the BS equation in momentum space becomes
which is shown diagramatically in Fig.2 . For the pseudoscalar state |P B , the last term in the braces does not contribute.
For the pion, the BS amplitude can be written in terms of four scalar amplitudes as in Ref. [16] ,
where λ α denotes the flavor structure of the pion state. For example, the neutral pion is given by α = 3
On the other hand, for the η and η ′ mesons, the BS amplitudes are written in terms of eight scalar amplitudes,
where the flavor matrices λ, λ ss are defined by
This is because theand ss components of the BS amplitude are mixed through the last term of the right hand side in Eq. (34) Formally the equations can be written as
φ A or φ B denotes the set of amplitudes, φ S , φ P , φ Q , φ T for the pion and φ 
for a fixed P 
Decay Constant
To obtain the decay constant, we need the normalization of the BS amplitude which is derived from the inhomogeneous BS equation. In Ref. [16] the normalization condition in the momentum space is given by
where the integral region is
Using the normalized BS amplitude, the decay constant is obtained by
The term given in terms of E α (q; P ) and F α (q; P ) represents the correction to the Noether axialvector current due to the momentum dependencies of the effective lagrangian. For the pion, we can choose the flavor structure matrix λ α of the Noether current in the above formula to match that of the BS amplitude. Then we obtain the decay constant f π in the usual sense.
On the other hand, for the η or η ′ mesons, the flavor structure of the BS amplitude depends on the relative and total momenta in general. Therefore we can not fix λ α from the flavor structure of the BS amplitude. Instead we only consider the decay constants associated with the octet (α = 8) and singlet (α = 0) axialvector currents for the η or η ′ mesons, i.e., f
The fact that the flavor structure of the η-η ′ meson BS amplitudes depend on the relative and total momenta means that one cannot define the η-η ′ mixing angle. It can be defined only in the limit of neglecting these momentum dependences.
Nambu-Goldstone Solution
A remark is given here about the Nambu-Goldstone solution. In the chiral limit, the effective
Under the dynamical breakdown of this symmetry to SU V (3) × U V (1), we expect eight Nambu-Goldstone (NG)
solutions. This can be proved by the same procedure as in Ref. [23] . However, we show here the existence of these NG solutions directly from the SD equation (25) and the BS equation (34).
Multiplying the γ 5 λ α /2 from left and γ 5 λ α /2 from right to Eq. (25), we obtain
In the chiral limit the second term of the left hand side vanishes. Furthermore if λ α is an octet matrix i.e. tr[λ α ] = 0, then a relation
leads us to
Comparing this with Eq.(34), we obtain the Nambu-Goldstone solution for α = 1, . . . , 8
where N is a normalization constant. It can be also shown that N equals to 1/f B where f B is a decay constant defined in the previous section in the framework of the present ladder like approximation. It should also be noted that Eq.(50) does not hold for a singlet λ α=0 .
Anomalous PCAC Relation
The matrix element of the PCAC relation (17) between a meson state P | and the vacuum |0
in the ladder like approximation becomes
where f α B is the decay constant f π , f
and A B are defined by
A B := lim
respectively. This relation is obtained systematically using the method of Sec.3 in Ref. [23] . Of course, we can also obtain this relation (51) directly from the SD equation (25) and the BS equation (34). If we employ the BS amplitude in the chiral limit like Eq.(50), it holds that
Eq.(51) with Eq.(55) leads us to the Gell-Mann, Oakes and Renner mass formula
For later use, we define the ratio
which is to be unity at the on-mass-shell point of the Bethe-Salpeter solution. This condition is useful in checking the numerical extrapolation procedure.
Numerical Results
In the present model, there are seven input parameters. Five of them are the parameters of the improved ladder approximation (ILA) model of QCD: the current quark mass m qR for the up and down quarks, the scale parameter of QCD Λ QCD , the infrared cut-off t IF for the running coupling constant, the smoothness parameter t 0 and the ultraviolet cut-off Λ UV . We take the value of t 0 from the result of Ref. [13] , namely, t 0 = −3. As explained there this smoothness parameter t 0 is introduced just for the stability of the numerical calculations and has no physical meanings. We take Λ UV = 100 [GeV] because the physical observables depend on it rather weakly after the renormalization as far as we use a reasonably large value of Λ UV .
The renormalization point µ is taken as µ = 2 [GeV]. The infrared cut-off t IF controls the strength of the running coupling constant in the low q 2 E region. Therefore its value is directly related to the size of the dynamical chiral symmetry breaking. We take t IF = −0.5. We choose Λ QCD = 600 [MeV] . Although this value is somewhat larger than the "standard" value Λ QCD = 100 ∼ 300 [MeV], it is necessary for the rainbow gluon self energy to generate the dynamical chiral symmetry breaking strongly [13, 16] . Of course if the dynamical chiral symmetry breaking is caused by the flavor mixing interaction mainly, we may choose a smaller Λ QCD . But in such a situation, a careful analysis is necessary. Since the phase transition is of the first order, there may exist multiple SD solutions. We will report such results elsewhere [24] . Therefore in this paper we concentrate only on the case that the chiral symmetry breaking is generated mainly by the gluon exchange interaction.
We have two new parameters associated with the flavor mixing interaction (FMI), i.e., G D and κ. Instead of G D , we use the parameter I G defined by
This parameter is chosen freely so that we study the effects of the U A (1) anomaly on the η-η ′ system. The κ parameter is taken as
This value corresponds to the form factor of the instanton of the average size ρ, about 1/3 [fm].
The instanton form factor,
can be identified with the Fourier transformation of the weight function
The values of the model parameters we use throughout this article are Λ UV = 100 [GeV],
Let us now discuss the solutions of the SD equation. Our numerical results are shown in Table 1 and Figs.3 and 4. As can be seen from them, the chiral symmetry breaking is induced mainly by the gluon exchange interaction, and the effect of FMI to the chiral quark condensate seems very small. When I G increases from zero to 2.4, B q (0) increases only 4-6%, andR changes by about 10 to 20 %. One may wonder whether the range of variation is too small for its effects to be seen, but, as we will see later, this I G gives a large mass to η and η ′ . Since the perturbative quark mass contribution to the quark condensate is subtracted in our definition, the absolute value of ss R is smaller than that ofR (q = u, d). These are in reasonable agreement with the QCD sum rule results: ss R / ūu R = 0.8 ±0.1 [25] and ss R / ūu R = 0.6 ± 0.1 [26] . The absolute value of the u,d-quark condensate increases as Tables 3 and 4 . Since the BS equation is homogeneous, the absolute sign of the BS amplitudes, and therefore the decay constants, cannot be determined. We choose the sign of f 8 (f 0 ) to be positive for η (η ′ ). The masses of η and η ′ and their decay constants depend strongly on the flavor mixing interaction. Especially, the η ′ meson mass seems sensitive to the flavor mixing interaction. This is in contrast to the pion result. U A (1) symmetry breaking gives a large effect on the η and η ′ sector.
In order to see the effects of the flavor mixing, we introduce the mixing angles for the η and
The results are presented in Tables 3 and 4 . Since the flavaor structure of the η-η ′ meson BS amplitudes depend on the relative and total momenta, the above definitions of the mixing angles are the kinds of the averaged quantities.
In the SU ( Table 3 largely deviates from 1. Fig.6 shows the extrapolation in this case, where the lines of λ and R η 8 are almost straight but the curve of R η 0 is not. This may be a reason why R η 0 deviates from unity. We have performed the extrapolation of R η 0 by using a rational function which is shown in Fig.6 by the dotted line and the result is improved well.
As for the η ′ meson, the extrapolation of the eigenvalue, the rations R From Table 4 
in the present model and In the case where FMI is dominant in the infrared region, we expect that the chiral phase transition becomes the first order and there may exist multiple solutions of the SD equation.
In such a situation, more careful analyses are required, which will be reported elsewhere [24] .
Summary and Conclusions
The improved ladder approximation of QCD has successfully described the low-energy properties of QCD [13, 14, 16] . In this article, we have studied the η and η ′ mesons in this approach.
It is expected that the U A (1) anomaly plays an important role in the η and η ′ mesons and therefore we have introduced the instanton induced U A (1) breaking 6-quark determinant interaction [22, 7] in the improved ladder approximation model of QCD. We have derived the Schwinger-Dyson (SD) equations for the light quark propagators and the Bethe-Salpeter (BS) equations for the pion, η and η ′ in the lowest order (rainbow-ladder) approximation using the Cornwall-Jackiw-Tomboulis (CJT) effective action formulation [21] .
Using the same model parameters of the running coupling constant used in [16] , we have where about 1/3 of the dynaminacl quark mass is due to FMI [11] .
As far as we know, the η ′ BS equation which includes the running coupling aspect of QCD and the effect of the U A (1) anomaly has not been solved so far. In the case of the NJL model, the η ′ mass has unphysical large imaginary part associated with the unphysical decay channel η ′ →qq. On the other hand, the present model predicts a bound η ′ although it may not perfectly confine quarks. The bound state is obtained as the quark mass function becomes rather large,
at q E = 0, in this model, while it is independent of the momentum in the NJL model.
Since the flavor structure of the η-η ′ meson BS amplitudes depend on the relative and total momenta, one cannot define the η-η ′ mixing angle unambiguously. It can be defined only in the limit of neglecting these momentum dependences and it should be examined whether such an approximation is reasonable. Our numerical results indicate that the momentum independent treatment of the flavor mixing is rather questionable.
In the chiral limit we can define the η 0 decay constant f 0 without any ambiguity. The present result is our first step towards quantitative understanding of the flavor mixing interaction. With the BS solutions in hand, we may calculate static properties and decay amplitudes of η and η ′ . Our model is regarded as a low energy effective theory, which is consistent with chiral symmetry, its spontaneous breakdown and the U A (1) anomaly. It should be stressed that the approximation used in solving and renormalizing the amplitudes also respect these symmetry properties. Thus our approach is suitable for further studies of the η and η ′ systems, which are desirable in order to clarify the role of the U A (1) anomaly in the low-energy QCD.
